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Abstract—We present a novel approach to the family of param-
eter estimation methods known as indirect inference (II), using
results from bandit optimization, a sub-field of reinforcement
learning concerned with stateless Markov decision processes
(MDPs). First, we present the problem of indirect inference and
show how it may be cast into the general framework of MDPs.
We then discuss how this approach alleviates some limitations
imposed by the randomness inherent to the optimization required
for indirect inference. The bandit-based approach to indirect
inference is implemented in code for two well-established bandit
algorithms and subsequently validated experimentally. Our ap-
proach is demonstrated to work well in practice on the simple
task of estimating the parameters of a Gaussian model, as well as
on the non-trivial task of estimating the parameters of a mixture
normal model. While the approach as a whole shows promise, the
discretization required for analysis poses computational problems
for some types of estimation tasks: Potential avenues to refining
the method for such tasks are discussed.

Sammanfattning—Vi presenterar ett nytt angreppssätt för den
samling parameterskattningsmetoder som vanligtvis kallas indi-
rekt inferens (II) som använder resultat från bandit-optimering,
en underkategori av förstärkande inlärning som berör Markov-
beslutsprocesser med triviala tillståndsrum. Först presenterar
vi indirekt inferens generellt och visar hur problemet kan for-
muleras ekvivalent inom ramverket för Markov-beslutsprocesser.
Därefter diskuterar vi hur vårt angreppssätt förbigår vissa
begränsningar som påtvingas av den slumpkaraktär som är
nödvändig att hantera i optimeringssteget av indirekt infer-
ens. Den bandit-baserade metoden för indirekt inferens imple-
menteras i programkod med två väletablerade algoritmer för
bandit-optimering och valideras experimentellt. Vi åskådliggör
att metoden fungerar väl i praktiken både på ett enkelt problem
som skattning av parametrarna för en normalfördelning, och på
ett icke-trivialt problem som skattning av parametrarna för en
blandning av normalfördelningar. Även om angreppssättet som
helhet är lovande observerar vi till följd av diskretiseringen som
används problem med beräkningseffektiviteten för vissa typer av
skattningsproblem: Vi diskuterar hur metoden kan sofistikeras
för att hantera dessa effektivt.

Index Terms—Parameter estimation, indirect inference, multi-
armed bandits.
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I. INTRODUCTION

WHEN tasked with the problem of understanding or con-
trolling a physical system one may utilize mathematical

models. To formulate these models, data are commonly gath-
ered from the physical system. These data can then be used in
tandem with methods from a variety of fields, such as statistics,
machine learning and system identification, to build models of
the system. One predominant group of models is parametric
models [1]. A parametric model is a collection of probability
distributions, each associated with some parameter θ belonging

to a predetermined parameter set Θ. A standing assumption is
that the physical system generating data is well-described by
one of these probability distributions with some true parameter
θ∗, and a common desire is to estimate the true parameter
using the gathered data from the physical system.

The procedure of estimating the unknown true parameter of a
probability distribution from data is well-studied and a variety
of methods have been derived. Two examples of such methods
are method of moments estimation and maximum likelihood
estimation [2]. Both of these parameter estimation methods
require the knowledge of the likelihood function, which in
some cases may be intractable.

One family of parameter estimation methods that tries to
tackle the problem of intractable likelihood functions is in-
direct inference [3]. Indirect inference takes advantage of
the fact that given a fixed value of the model parameters,
data can be sampled from the model. It then uses a set
of tractable auxiliary models that may not fully explain the
physical system to match the simulated data sequence with
the gathered real-world data sequence by means of a convex
optimization objective function. The user’s choice of auxiliary
models affects the estimate and one hopes to choose an
auxiliary model to balance a good enough approximation of
the physical system dynamics and computational tractability.
However, there is one issue with how the objective function
is commonly defined. As simulated data is sampled from a
probability distribution, given a fixed value of the parameters,
two sample sequences may (and most likely will) not coincide.
The objective function, while constructed to capture summary
properties of the system, may hence vary between evaluations
and is not strictly a function of the parameter. This can pose
a challenge in implementations when choosing optimization
solver because many solvers rely on first or second order
derivative information; With a function that is not deterministic
this may be difficult or impossible.

To handle the problem of stochastic objective functions in
indirect inference, the method can be cast into a stochastic
bandit problem. One may then use existing theory and algo-
rithms from this field, adapted to a optimization of a stochastic
objective. For instance, bandit optimization does not need first
or second order derivative information.

The main contributions of this paper are:

• We provide to our knowledge the first formulation of the
general method of indirect inference as a stochastic bandit
problem.

• We demonstrate on two example problems that bandit
optimization provides indirect inference estimators that
work well in practice.
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The rest of this report is organized as follows. In Section
II, preliminary theory is presented. Section III describes the
main issue with indirect inference as typically presented and
formulates the problem. In Section IV our proposed approach
of indirect inference as a stochastic bandit is presented, and
in Section V this approach is experimentally validated on two
example problems. Section VI discusses our approach and the
results of the experimental validation. Finally, in Section VII
conclusions are drawn.

II. PRELIMINARIES

A. Parameter Estimation

A family of parametric models is a setM = {M(θ) | θ ∈ Θ}
of probability distributions (also referred to as models) M(θ)
defined on a common sample space, indexed by some pa-
rameter θ belonging to a set Θ ⊆ Rn for some positive
integer n, commonly called the parameter space [1]. The
standing assumption is that one of the probability distributions
in the model—say, the distribution M(θ∗) corresponding to
the parameter θ∗ ∈ Θ—corresponds to the physical process
at hand. The parametric model M(θ∗) describes the data-
generating physical process in the sense that data are assumed
to be sampled independently and identically according to the
probability distribution M(θ∗). Parametric models provide a
convenient way to encode assumptions and knowledge about
the qualitative behaviour of a data-generating process into a
mathematical description of it while allowing for variability
in the precise description.

Given a family of parametric models M of some physical
process and some sequence DN =

(
(xi, yi)

)N
i=1

of data
generated by the process, a common task is to determine the
true distribution according to which the data were generated,
in order to make qualitative predictions about future data, or to
describe or draw conclusions about the mechanism underlying
the data generation. As each distribution in the model is
indexed by a parameter in Θ, one commonly refers to this
as the problem of parameter estimation, i.e. determining the
parameter θ∗ of the true probability distribution M(θ∗). A
systematic method for determining an estimate θN of the
true parameter θ∗ given the data DN is called a parameter
estimation method. Parameter estimation methods are com-
monly presented in terms of mappings DN 7→ θN ∈ Θ; In a
more general setting, a parameter estimation method may not
necessarily be a mapping but rather a procedure that explains
how to calculate the estimate in terms of the data.

B. Indirect Inference

One family of parameter estimation methods introduced by
Smith [3] and expanded on by Gourieaux et al. [4, 5] is indirect
inference (II). Indirect inference is useful when the likelihood
function or other conventional estimation starting points are
intractable, as is the case in many modern econometric models
[6] or when data may be missing [7, 8].

Consider as previously a sequence of data DN =
(
(xi, yi)

)N
i=1

for N ∈ N generated by a physical process assumed to

be accurately described by a parametric model M. Suppose
further that M is intractable in the sense that a meaningful
mapping DN 7→ θN is difficult to describe analytically
or computationally expensive to calculate. Indirect inference
introduces an auxiliary model Ma = {Ma(β) | β ∈ B ⊆ Rk}
which is computationally simpler, but does not in general
capture the full dynamics of the physical process. One now
defines a parameter estimation method forM in the following
steps (described graphically in Fig. 1).

1) Fitting an auxiliary model to the true data: Select, by
some method, the auxiliary parameter β∗ ∈ B such that the
resulting auxiliary model Ma(β

∗) describes the data DN =(
(xi, yi)

)N
i=1

best (by some measure of goodness) among all
models in Ma.

2) Generation of synthetic data: Select some parameter θ ∈ Θ

and generate a sequence D̃N =
(
(x̃i, ỹi)

)N
i=1

of N synthetic
data points by sampling independently from M(θ).

3) Fitting an auxiliary model to the synthetic data: Select, by
the same method as in 1), the parameter β(θ) ∈ B such that
the resulting auxiliary model Ma(β(θ)) describes the synthetic
data D̃N best among all models in Ma by the same measure
of goodness as in 1). We emphasize the dependence of this
parameter on θ through the synthetic data generated according
to the distribution M(θ).

4) Minimizing a score function: Select some positive definite
matrix W and define the score (or loss) function J : Θ → R
by

J(θ) = (β(θ)− β∗)TW (β(θ)− β∗). (1)

In practice, one often takes W = I to simplify analysis.
Determine some θN ∈ argminθ∈Θ J(θ). This θN is the
produced estimate of the true parameter θ∗. The positive-
definiteness of W ensures a unique minimizing β(θ), but
several values of θ may correspond to that value of β(θ) as B
is typically a lower-dimensional space than Θ.

True data
DN =

(
(xi, yi)

)N
i=1

Synthetic data
D̃N =

(
(x̃i, ỹi)

)N
i=1

generated by M(θ)

Fit auxiliary models in Ma

β∗ β(θ)

J(θ)

θN ∈ argminθ∈Θ J(θ)

Fig. 1. Indirect inference, adapted from [5]. On selection of some θ ∈ Θ
synthetic data D̃N are generated according to the corresponding model and
auxiliary models are fitted to the true data DN and the synthetic data D̃N .
The goodness of fit in terms of θ is evaluated using the loss function J(θ).
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C. Optimizers

Several of the steps of the calculation of an indirect inference
estimate involve optimization. The minimization of the score
function J is an obvious example, but also the fitting of
auxiliary models to data is usually achieved through the
optimization of some goodness of fit criterion. To talk about
the specifics of these steps more systematically, we introduce
some notation in the form of the general optimizers Fa and
O. The auxiliary optimizer Fa takes a data sequence DN and
an auxiliary model Ma and produces, by some procedure, a
parameter Fa(DN ,Ma) ∈ B corresponding to some model
of best fit belonging to Ma. The optimizer O takes some
loss function J , a parameter space Θ and a hyperparameter
set H specific to the optimizer used, and produces, by some
procedure, a parameter O(J,Θ,H) ∈ Θ minimizing J(θ). The
specific measures of goodness of fit as well as procedures used
to determine Fa(DN ,Ma) and O(J,Θ,H) are encoded in
Fa and O (and H), respectively: While of major importance
in implementations, their specifics are not pertinent to a
discussion of indirect inference in general.

D. Multi-armed bandits

Multi-armed bandits [9] is a family of Markov Decision
Processes (MDPs) [10]. In a multi-armed bandit problem the
state space is trivial in the sense that there is no state (or one
state, and all actions result in deterministic transitions to the
same state). The actions are numbered from 1 to K for some
K ∈ N and are called arms. Each arm has a unknown reward
distribution from which a reward is sampled upon choosing
said arm. Formally, a stochastic bandit, a type of multi-armed
bandit, is the MDP (T,S,A, pt(· | s, a), rt(s, a)

)
where the

state space S = Ø is trivial, the action space A = {1, . . . ,K},
pt(Ø, a) = 1 for all arms a ∈ A. Lastly, let us denote the
reward distribution of arm a with Da so that rt(Ø, a) ∼ Da

(that is, rt(Ø, a) is a random sample from the distribution
Da). The goal is to find the arm with greatest expected value.
Assume that an algorithm A, known in this context as an
agent, is to interact with a stochastic bandit problem. Then
the following scheme describes the interaction.

Algorithm 1 Stochastic bandit [9]
Parameters: Time horizon T , K arms, unknown reward

distributions Da for all arms.
1: for t = 1 to T do
2: Arm at is chosen by agent A according to some rule
3: The reward rt is sampled from distribution Dat

4: The reward rt is given to the agent A
5: end for

The concept of regret will now be defined, which is a
commonly used metric of performance for algorithms trying to
solve bandit problems [11]. Let the expected return of arm a
be denoted by µ(a) := E[Da], and let the best expected return
of any of the K arms be denoted by µ∗ = maxa∈A E[Da]. For
simplicity we assume that the expected rewards are stationary
in time. Now suppose that for each time step t = 1, . . . T an
arm at is picked by some bandit algorithm A. The regret of

A at time T (or simply the regret) is then defined as

RA(T ) = Tµ∗ −
T∑

t=1

µ(at). (2)

The regret can be seen as the cost of learning since Tµ∗ is
the best expected sum of rewards that can be collected up to
time T (achieved by an oracle agent which knows the best arm
ahead of time) and

∑T
t=1 µ(at) is the sum of average rewards

collected up to time T by the algorithm.

In many scenarios one does not have access to the average
rewards µ(a) for the arms a ∈ A and requires a method for
estimating the regret. Assume that there is an oracle algorithm
that knows which arm is best at each time step t, denote this
arm a∗t . Let rOt denote the reward gathered by the oracle at
time t. Also for a bandit algorithm A, denote the reward
acquired by A at time t by rAt . Using this we have that
E
[
rAt

]
= E

[
Dat

]
= µ(at) and E

[
rOt

]
= E

[
Da∗

t

]
= µ(a∗t ) =

µ∗. It is therefore easy to see that the empirical regret

R̃A(T ) =

T∑
t=1

(rOt − rAt ) (3)

is an unbiased estimator of the regret RA(T ) in eq. 2.

E. Bandit algorithms

We introduce two algorithms that seek to solve stochastic
bandit problems.

One algorithm that provides a systematic solution to a stochas-
tic bandit problem is the ϵ-greedy algorithm [11]. Let na(t)
be the number of times arm a has been selected up to and
including time t. The empirical average reward of arm a up
to time t can thus be defined as

µ̂a(t) =
1

na(t)

t∑
i=1

χ{ai=a}rt (4)

where χ{ai=a} is the indicator function for the event {ai = a}.
The algorithm then decides which action at to select at time
t by uniformly at random sampling an arm from all available
arms {1, 2, . . . ,K} with probability (w.p.) ϵ, and selecting the
arm with best empirical average reward up to time t− 1 w.p.
1− ϵ.

Another algorithm for solving a stochastic bandit problem is
the UCB1 algorithm [12]. This algorithm is based on finding
an approximate upper confidence bound for the empirical
average reward for each arm and at each time step and playing
the arm with the largest upper bound value. This upper bound
value (also referred to as index) of arm a at time is defined
to be ba(t) = µ̂a(t− 1) +

√
2 log (t)
na(t−1) .

Pseudo-code for the ϵ-greedy and UCB1 algorithms can be
found in Appendix A.
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III. PROBLEM STATEMENT

In its original conception, indirect inference was used to
estimate parameters of time series in econometric models. For
instance, the seminal paper of Smith [3] demonstrates indirect
inference on a time series model of business cycles considering
consumption, investment, capital stock and production, which,
while non-linear, has dynamics that are well-approximated by
the linear dynamics provided by e.g. a vector autoregressive
(VAR) model [13]. There is a standing and tacit assumption
that, given synthetic data D̃N generated according to some
model M(θ), the auxiliary parameter β(θ) is more or less
independent of the actual realized synthetic data sequence
and treated as a deterministic function of θ for optimization
of the loss function J(θ). In practice, this works well, as
the realized β(θ) are often unbiased estimates of the true
quantity one purports to use in the optimization. Using a
VAR model as an auxiliary model, for instance, the realized
β(θ) are unbiased estimates of the true coefficients of best
fit of the true data generation model. This still allows for
some convergence guarantees to the true optimum by way of
stochastic approximation [14, 15].

However, in general, the β(θ) calculated from some realized
synthetic data sequence D̃N is not even an unbiased estimate
of some interesting, model-dependent parameter that may be
used for optimization. This may yield issues when β(θ), and
in particular the resulting loss function J(θ), are treated as
deterministic functions of θ for the sake of optimization. An
option that preserves the purported performance guarantees of
indirect inference is to satisfy oneself with utilizing auxiliary
models that do in fact behave nicely in combination with
optimization and exhibit unbiasedness, but this would limit
the general applicability of indirect inference.

The main problem of this paper is to find an approach to
solve the optimization problem

(P ) argmin
θ∈Θ

J(θ)

where the objective J is treated as a stochastic func-
tion.

IV. PROPOSED APPROACH: BANDIT OPTIMIZATION FOR
INDIRECT INFERENCE

Our main contribution is to cast the problem of indirect
inference into the framework of bandit optimization. This is,
to our knowledge, the first approach to the specific problem
of indirect inference that deals explicitly with the randomness
inherent in the loss function θ to solve (P).

A. Stochastic loss

Algorithm 2 describes a general procedure for how to calculate
the loss J for some set of models M, some auxiliary models
Ma and some selected parameter θ ∈ Θ, using an auxiliary
optimizer Fa. In particular, it encapsulates the generation of
synthetic data and subsequent fitting of an auxiliary model
into a subroutine which we shall refer to later for the sake of
convenience.

Algorithm 2 Calculating loss J
Parameters: Parameter θ ∈ Θ, set of models M, set of

auxiliary modelsMa, auxiliary fit optimizer Fa, data DN

Output: Loss J
1: Fit β∗ ← Fa(DN ,Ma)
2: Draw simulated data D̃N ∼M(θ) ∈M
3: Fit β(θ)← Fa(D̃N ,Ma)
4: J ← (β(θ)− β∗)T (β(θ)− β∗)
5: Return J

B. Indirect inference as a stochastic bandit

A generic implementation of indirect inference using algo-
rithm 2 to compute the loss J may look like algorithm
3.

Algorithm 3 Indirect inference
Parameters: Set of models M w. parameter set Θ, set of

auxiliary models Ma w. aux. parameter set B, optimizer
O, auxiliary fit optimizer Fa, data DN

1: J̃ ← J(·,M,Ma,Fa, DN )
2: According to optimizer O: θ∗ ← argminθ∈Θ J̃(θ)
3: Return θ∗

To tackle the problem of stochastic score function we formu-
late the general problem of indirect inference as a stochas-
tic bandit problem. Remember the assumption that Θ =
{θ1, θ2, . . . , θK} and that a general agent A chooses arms in
the index set {1, 2, . . . ,K}.

Algorithm 4 Indirect inference as a stochastic bandit
Parameters: Set of models M w. parameter set Θ, set of

auxiliary models Ma w. aux. parameter set B, agent A,
auxiliary fit optimizer Fa, data DN , Time horizon T

1: J̃ ← −J(·,M,Ma,Fa, DN )
2: for t = 1, . . . T do
3: Arm chosen at according to A’s decision rule
4: Sample reward rt ∼ J̃(θat)
5: Agent A observes rt and updates decision rule ac-

cording to reward history (rn)
t
n=1 and action history

(an)
t
n=1.

6: end for
7: a∗ ← Best arm determined by A
8: Return θa∗

Notice that J̃ is set to −J(·,M,Ma,Fa, DN ). This is due
to the convention that the objective in a stochastic bandit
problem is to maximize the accumulated reward. Maximizing
the negative of a function is equivalent to minimizing the
function.

V. EXPERIMENTAL VALIDATION

We evaluate the performance of indirect inference with bandit
optimization on two sample problems. The selected problems
demonstrate different aspects of the estimation method: Where
the first problem shows the method producing reasonable
estimates on a simple, well-understood estimation task, the
second indicates the generalizability of the method to a non-
trivial estimation task.
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A. Gaussian model

The performances of indirect inference with ϵ-greedy and
UCB1 optimizers (see Appendix A) are compared on the
simple task of parameter estimation for a Gaussian model.
Consider a modelM = {M(θ) | θ ∈ Θ} of Gaussian distribu-
tions M(θ) = N (µ, σ2) for some θ = (θ1, θ2)

T = (µ, σ)T ∈
Θ. The parameter space Θ = {θ1, θ2, . . . , θK} ⊂ R2 is
a finite set of two-dimensional real vectors θi = (θi1, θ

i
2)

T

conceptually corresponding to a discretization of the product
of some intervals encoding prior belief or knowledge about
the mean µ and standard deviation σ of the true distribution
N (µ, σ2) ∈ M according to which a sequence of N data
DN = (yi)

N
i=1 is generated as independent samples from

identical distributions. DN is considered fixed true data: In
a real application it would come from some physical data
generation process. The set of auxiliary models Ma is taken
to be Gaussian also, with β∗ and β(θ) being two-dimensional
vectors of sample mean and sample standard deviation of DN

and D̃N , respectively.

Concretely, Θ = Θµ × Θσ where Θµ =
{

15k
30

}30

k=0
and

Θσ =
{
0.5 +

√
15k
30

}30

k=0
are sets of equidistantly spaced

grids of 31 points covering the intervals [0, 15] and [0.5,
√
15],

respectively.

For different values of the true parameter θ∗ ranging over the
entirety of Θ we plot the estimated mean against the true mean
and the estimated standard deviation against the true standard
deviation for both ϵ-greedy (Fig. 2) and UCB1 (Fig. 3)
optimizers. The identity line is also plotted for each parameter:
When the estimate coincides with the true parameter, the blue
dot lies on this red dashed line. In all cases, the closer the blue
dot markers lie to the red dashed line, the better the estimate
is.
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Comparison of oracle and ε-greedy

Fig. 2. Indirect inference estimates of means and standard deviations of
a normal distribution using an ϵ-greedy optimizer with time horizon T =
20000. Left: Estimated means for a given true mean (blue dots) and the
identity line corresponding to estimates of an oracle estimator (red dashed
line). Right: Estimated means for a given true mean (blue dots) and the identity
line corresponding to estimates of an oracle estimator (red dashed line).

For one value of the true parameter (θ∗ = (3.10, 2.82) ∈ Θ,
chosen arbitrarily somewhere in the central parts of Θ), the
empirical regret of ϵ-greedy and UCB optimizers is computed
and plotted over time in Fig. 4.
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Fig. 3. Indirect inference estimates of means and standard deviations of a
normal distribution using a UCB1 optimizer with time horizon T = 20000.
Left: Estimated means for a given true mean (blue dots) and the identity line
corresponding to estimates of an oracle estimator (red dashed line). Right:
Estimated means for a given true mean (blue dots) and the identity line
corresponding to estimates of an oracle estimator (red dashed line).
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Fig. 4. Empirical regrets of ϵ-greedy (red) and UCB1 (blue) optimizers plotted
over time. The true parameter is θ∗ = (3.10, 2.82).

B. Mixture normal model

In applications it is common to encounter physical processes
well-modeled by mixture distributions, in particular when
the population may be partitioned into non-overlapping sub-
populations, each of which follow the same distribution but
with different parameters. Examples in the literature abound,
including models of human height [16], investigations into
sediment arrangements in riverbeds [17, 18], analysis of as-
tronomical data [19], and fisheries research [20]. We consider
the arguably simplest instance of such models, namely the
model of mixtures of two normal distributions, that is, the
model M = {M(θ) | θ ∈ Θ} where θ ∈ Θ ⊆ R5 is a five-
dimensional vector θ = (µ1, σ1, µ2, σ2, p)

T of means µ1, µ2

and standard deviations σ1, σ2 of two independent normal
distributions, and p ∈ [0, 1] is a mixing parameter. Each
indexed probability distribution M(θ) is the mixture

M(θ) = pN (µ1, σ
2
1) + (1− p)N (µ2, σ

2
2)

of two independent normal distributions.

Even a reduced parameter estimation task of estimat-
ing some components of the true parameter θ∗ =
(µ∗

1, σ
∗
1 , µ

∗
2, σ

∗
2 , p

∗)T ∈ Θ while keeping others fixed is
difficult to solve efficiently even for this simple mixture
model [8]. We consider the reduced parameter estimation
task for M with Θ = Θµ × Θσ × {θ∗3} × {θ∗4} × Θp,
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where Θµ =
{
3 + 9k

36

}36

k=0
, Θσ =

{
0.5 + 2.4k

12

}12

k=0
and

Θp =
{

k
10

}10

k=0
. Θµ, Θσ and Θp are equidistant discretizations

of the intervals [3, 12], [0.5, 2.9] and [0, 1] using 73, 25 and
21 points, respectively. The singleton sets in the third and
fourth factors of Θ correspond to the assumption that the third
and fourth components of the true parameter θ∗ are known.
We take θ∗ = (9, 1.7, 3.25, 0.9, 0.7)T ∈ Θ, again chosen
somewhat arbitrarily. The set of auxiliary models Ma is left
implicit but chosen in such a way that β∗ and β(θ) are the
decile vectors of DN and D̃N , respectively.

The parameter vector (9, 1.7, 3.25, 0.9, 0.7)T is correctly iden-
tified by both ϵ-greedy-based II estimator and the UCB-based
II estimator. In principle, there is no obstacle beyond the curse
of dimensionality (discussed further below) against loosening
the assumption that some components of the vector are known.
Fig. 5 and Fig. 6 show normalized histograms of the true
data set and one generated according to the correctly identified
parameter estimate.
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Fig. 5. Normalized histograms of the true model (corresponding to the
parameter θ∗) and the estimated model (corresponding to the estimate yielded
by ϵ-greedy-based II), both with time horizon T = 10000.

0 2 4 6 8 10 12 14

x

0.000

0.025

0.050

0.075

0.100

0.125

0.150

0.175

f(
x)

Estimated mixture density by UCB1

True density (histogram)

Estimated density (histogram)

Fig. 6. Normalized histograms of the true model (corresponding to the
parameter θ∗) and the estimated model (corresponding to the estimate yielded
by UCB-based II), both with time horizon T = 10000.

VI. DISCUSSION

A. Gaussian model

Based on the plots presented in Fig. 2 and Fig. 3, both the ϵ-
greedy algorithm and the UCB1 algorithm seem to accurately
estimate the parameters of a Gaussian distribution. The scatter
plots of the estimated means displayed in the left panel of
both figures suggest that both algorithms effectively estimate
the mean, as all markers lie close to the identity line.

One notices that the estimates of the standard deviation yielded
by the ϵ-greedy algorithm vary more around the true standard
deviation for higher values of the true standard deviation.
The standard deviation estimates yielded by UCB1 are greater
across the board, but do not show this increase for greater true
values. This is slightly unexpected, but likely to disappear for
simulations on a greater time horizion.

Turning to Fig. 4 we can see that the estimated regret increase
rapidly in the early time steps for both algorithms. This is to be
expected since neither algorithm has had any time to explore
the different arms. For the ϵ-greedy algorithm, after the initial
fast increase, the regret trends upwards linearly. The UCB1
algorithm, on the other hand, displays a slight concavity in
the empirical regret curve after the initial phase, which is in
line with theoretical results regarding UCB.

This toy problem showcases one limitation of the discretization
approach in that it assumes that the true parameter belongs
to the discrete parameter space Θ. When applying such a
discretization approach to real data, it is improbable that the
true parameter belongs to any discretization of the continuous
real parameter space. As in any discretization method, a fine
enough discretization is required, and what is fine enough
needs to be determined on a case-by-case basis. To avoid the
estimation becoming prohibitively computationally expensive,
adaptive grid schemes may be used, wherein the discretization
is successively refined around consecutively more precise
estimates. Another approach is to forego the discretization
completely, instead turning to the existing theory of continuous
bandits. This is beyond the scope of this thesis, but is discussed
in the section on Further research below.

B. Mixture normal model

The experimental evaluation on a mixture normal model
displays the generalizability of the bandit approach to indirect
inference. Unlike for other common distributions such as the
regular normal distribution, commonly used sample statistics
like the sample mean or the sample variance are not unbiased
estimators of any quantity of interest. Approaches based on
maximum likelihood estimation of the means and variances of
the component distributions under separate maximization over
the mixing parameter p might show promise for the simple
case of a mixture of two distributions, but become intractable
quickly for mixtures of a greater number of component distri-
butions.

Taking the auxiliary parameters in B to be deciles (or, more
generally, k-quantiles for some sufficiently large k ∈ N) of the
true and synthetic data sequences shows great potential due
to the combination of ease of use and general applicability.
Intuitively, it is desirable that the auxiliary parameters in B
computed from the different data sequences are similar when
the models generating the data are similar. Models indexed
by similar parameters in Θ do in fact generate similar data
sequences, so it is plausible that they yield similar quantiles.
Furthermore, it is easy to refine this approach if need be (i.e.
if the used quantiles do not provide a sufficiently truthful
summary of the true data sequences) by increasing the number
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of quantiles used, or by increasing the number of samples
used in the construction of the quantile vectors to reduce
variance.

C. Further research

Our formulation of II as a stochastic bandit problem assumes a
finite parameter space for ease of an initial analysis. While the
general approach of bandit optimization to II remains sound,
the discretization may become prohibitively expensive in order
to approximate continuous true parameter spaces with very
high numerical accuracy, or if the parameter space is of very
high dimension. This is a natural consequence of the fact that
the complexity of bandit algorithms for a finite number of
arms generally scales with the number of arms [11], and the
discretization approach poses a bijection between the finite
parameter space and the set of arms.

Two approaches present themselves clearly as candidates for
future research regarding how to handle the ever-present curse
of dimensionality. Firstly, function approximation is already
widely used in other reinforcement learning methods [21] as
a way to handle large or continuous action and state spaces in
more general MDP algorithms, and it is plausible that function
approximation should transfer well to the task of indirect
inference using bandit algorithms. Secondly, there is theory
regarding bandit optimization under continuous action spaces
for restricted families of reward distributions. As our formu-
lation equates parameter spaces with bandit action spaces,
the discretization approach is admittedly naive and somewhat
roundabout. A more sophisticated approach might use bandit
algorithms for continuous action spaces to address the issue
of continuous parameter spaces more directly.

VII. CONCLUSION

In this bachelor’s thesis we present a novel approach to
indirect inference using bandit optimization. Concretely, the
approach converts the problem of indirect inference into an
equivalent stateless Markov decision process optimization task
and uses well-established algorithms for the optimization
procedure. This circumvents some limitations imposed on the
applicability of indirect inference in its original formulation.
Our approach is demonstrated to work well in practice on
the simple task of estimating the parameters of a Gaussian
model, as well as on the non-trivial task of estimating the
parameters of a mixture normal model. The main limiting
factor of the approach in its current form is the linchpin role of
discretization in converting a (generally continuous) parameter
space into a finite action set: All well-known issues of large-
scale discretization—chiefly, the curse of dimensionality—
apply. Some avenues towards a more refined approach to
general indirect inference with bandit optimization are intro-
duced.

APPENDIX A
PSEUDOCODE FOR BANDIT ALGORITHMS
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